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Abstract. Initial conditions for cosmological N-body simulations are usually calculated
by rescaling the present day linear power spectrum obtained from an Einstein-Boltzmann
solver to the initial time employing the scale-independent matter growth function. For the
baseline ΛCDM model, this has been shown to be consistent with General Relativity (GR)
even in the presence of relativistic species such as photons. We show that this approach is not
feasible in cosmologies with massive neutrinos and present an alternative method employing
the Newtonian motion gauge framework.
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1 Introduction
According to the ΛCDM paradigm, the Universe consists of a cosmological constant Λ, cold
dark matter (CDM), baryons, photons, and neutrinos with their dynamics governed by the
coupled Einstein-Boltzmann equations. Solving these in full non-linearity is currently not
feasible, but at sufficiently early times, when the fluctuations are still small, we may use linear
cosmological perturbation theory (CPT; [1–3]). The corresponding system of equations can
be solved efficiently by Boltzmann codes such as class [4] and camb [5].
At later times, the density perturbations become significantly larger than their initial
values and eventually enter the non-linear regime. Today’s observed large-scale structure
(LSS) stems from the full non-linear gravitational evolution of these small initial perturba-
tions. In order to accurately capture the dynamics we need methods that go beyond CPT. A
common solution is the usage of cosmological N-body simulations [6–8], which approximate
the phase-space dynamics of matter to high accuracy using a large number of tracer particles.
The initial conditions for such simulations could be set at a time when the linear ap-
proximation is still accurate, and calculated using an Einstein-Boltzmann solver. However,
to simplify the problem of solving the Einstein-Boltzmann system in its full non-linearity,
N-body simulations usually employ a Newtonian gravity solver (see [9, 10] for alternative ap-
proaches). In this Newtonian approach, the evolution of massless radiation species is usually
ignored - although different methods to incorporate these effects have been proposed (see e.g.
[11–14]).
A simple fix to include these relativistic corrections in Newtonian simulations is the
method of back-scaling. The initial conditions are calculated by rescaling the relativistic
but linear present-day power spectrum computed in an Einstein-Boltzmann solver back to
the initial time using the scale-independent matter growth function. Then when evolving
forwards from these initial conditions in Newtonian gravity, the relativistic power spectrum
is recovered trivially at the present time, at least on the linear scales where the relativistic
corrections are most important. It was shown in [12] that this method is in fact consistent
with GR at all times and up to the very small scales if the results are interpreted using a
remarkably simple GR-dictionary.
While the method to find initial conditions in cosmologies with massless neutrinos is
well understood, incorporating massive neutrinos significantly complicates the problem. The
reason is that massive neutrinos have a non-trivial impact on the evolution of the matter
– 1 –
perturbations. On scales smaller than the neutrino free-streaming scale they suppress the
formation of structures [15], and depending on their mass they eventually start to accumulate
around the most massive dark matter structures, leading to very rich dynamics on the smallest
scales.
One method to simulate the dynamics introduced by the massive neutrinos is adding an
additional species to the non-linear N-body simulation, either represented by particles or as
a fluid [16, 17]. While these approaches are able to capture the complex neutrino dynamics,
they are computationally significantly more expensive than ordinary CDM-only simulations.
Since back-scaling works extremely well for photons one may wonder if a similar method
can be used also in the case of massive neutrinos and whether the rich dynamics can be
introduced by starting the simulation from carefully designed initial conditions. One might
for example try the usual back-scaling method in a massive neutrino cosmology or employ a
back-scaling specifically designed for massive neutrinos such as presented in [18].
In this paper we aim to discuss the viability of such back-scaling approaches in cos-
mologies with massive neutrinos. We employ the Newtonian motion gauge framework, which
allows the interpretation of Newtonian simulations in GR, ref. [19]. This approach has been
demonstrated to be consistent with GR in the weak-field limit in [20] and has recently been
applied to multi-species systems such as a fluid of CDM plus baryons and massive neutrinos
in [21]. This framework is particularly useful for comparing different methods for finding ini-
tial conditions as there exists one unique Nm gauge for any possible set of initial conditions
and by studying this gauge we can understand if the method is self-consistent within the
weak-field limit of GR and if a simple interpretation of the output exists.
1.1 Notation and Conventions
We only consider scalar perturbations for simplicity. Assuming summation over repeated
indices we have the metric line element
ds2 = gµν dx
µdxν = g00 dτ
2 + 2g0i dx
idτ + gij dx
idxj , (1.1)
in an unspecified gauge with the following metric coefficients:
g00 = −a2 [1 + 2A] , (1.2a)
g0i = −a2∇ˆiB , (1.2b)
gij = a
2
[
δij (1 + 2HL) + 2
(
∇ˆi∇ˆj + δij
3
)
HT
]
, (1.2c)
where ∇ˆi denotes the normalised gradient operator ∇ˆi ≡ −(−∇2)−1/2∇i, known as the Riesz
transform, that we use here to make the weak-field order of the perturbations explicit. We
use the conformal time variable τ , defined via adτ = dt, where a = a(τ) is the cosmological
scale factor which evolves according to the Friedmann equations.
The Einstein equations governing the evolution of the scalar perturbations A, B, HL
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and HT are sourced by the non-linear total stress-energy tensor, in space-time components
T 00 = −
∑
X
ρX ≡ −ρ , (1.3a)
T 0i =
∑
X
[ρX + pX ]∇ˆi(vX −B) ≡ [ρ+ p]∇ˆi(v −B) , (1.3b)
T ij =
∑
X
[
pXδ
i
j +
(
∇ˆi∇ˆj +
δij
3
)
ΣX + [ρX + pX ](∇ˆivX)∇ˆjvX
]
≡ pδij +
(
∇ˆi∇ˆj +
δij
3
)
Σ + [ρ+ p](∇ˆiv)∇ˆjv , (1.3c)
where the sums over X account for all of the relevant species in the universe, and ρX , pX ,
∇ˆivX and ΣX are respectively the density, pressure, velocity and anisotropic stress of species
X.
1.2 Newtonian-Motion Gauges
The Newtonian motion (Nm) gauge framework has been developed in [12, 19–21]. It allows
for the usage of unmodified Newtonian simulations to obtain a full GR solution including
the effect of radiation on structure formation. In [12, 19], the evolution of the relativistic
species and their feedback on the non-linear matter evolution, as well as the relativistic space-
time for standard Newtonian simulations were presented using linear CPT. This assumption
has been relieved in [20], where the Newtonian-motion gauge framework is discussed in the
weak-field limit that remains valid until the very small scales of strong gravity. For in-depth
presentations of the Newtonian-motion framework we refer to the aforementioned works.
Here we briefly outline the essential ideas.
GR introduces several terms that do not appear in the Newtonian equations of motion
for matter. Specifically, the relativistic Euler equation which enforces momentum conserva-
tion includes GR corrections that can however be accurately computed in linear CPT since
these corrections are relevant mostly on the large scales. The Nm gauges provide a framework
in which these terms are directly absorbed in the definition of the coordinate system. Using
the gauge freedom of GR a spatial gauge condition is found such that the relativistic Euler
equation of matter is consistent with Newtonian theory. The resulting dynamically evolving
coordinate system can be calculated using a linear Einstein-Boltzmann solver independent of
the unmodified Newtonian simulation. By interpreting the particle positions obtained in the
Newtonian simulation in these coordinates we obtain results that are consistent with GR in
the weak-field limit.
It has been shown in [19] that the temporal Poisson gauge condition kB = HT is a
suitable choice for Nm gauges such that all metric potentials remain perturbatively small.
With the comoving curvature perturbation ζ1, the spatial gauge condition reads
(∂τ +H)H˙T
=4piGa2(δργ + ρm(HT − 3ζ + δM + M¯δm) + 4Hργk−1(v − k−1H˙T) + 2Σ)− kTγ ,
(1.4)
where the subscript γ denotes quantities related to the relativistic species evolved in the
Einstein-Boltzmann solver and the subscript m denotes perturbations of the massive species
1Within our metric conventions, the comoving curvature perturbation is ζ = HL +HT/3−Hk−1(v −B).
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whose evolution is calculated non-linearly within the N-body simulation. Here, we have
also introduced a mass modulation M = M¯ + δM and relativistic corrections Tγ . The mass
modulation is defined via the relation between the relativistic matter density and the counting
density that is obtained from the Newtonian simulation via ρm = (1 − 3HL + M)ρcounting.
These terms account for the possibility that a species (such as massive neutrinos) transitions
from the relativistic fluid to the massive one during the runtime of the simulation. In that
case the density in the simulation still evolves according to an unmodified Vlasov-Poisson
equation whereas the full matter density receives an additional contribution from the species
that becomes non-relativistic. The mass modulation evolves according to
˙¯M = (1− M¯)(3H+ ˙¯ρm
ρ¯m
) , (1.5)
and
δM˙ + (3H+ ˙¯ρm
ρ¯m
)δM = 3(3H+ ˙¯ρm
ρ¯m
)HL − ˙¯Mδm + 3M¯H˙L
−1− M¯
ρ¯m
[
δρ˙γ + 4Hδργ + 4Hρ¯γH˙L − 4
3
ρ¯γk∇ˆi∇ˆivγ
]
. (1.6)
In the simplest possible case of a pure CDM Universe free from radiation, the mass modulation
and all terms related to the relativistic fluid cancel. We then identify HT = 3ζ as a trivial
equilibrium solution of the above gauge defenition 1.4. We define the N-boisson gauge with
HT = 3ζ and kB = 3ζ˙ as a the Nm gauge suitable for such CDM-only simulations. This
gauge is closely related to the GR dictionary described in [22].
2 Initial Conditions
The gauge condition for Newtonian-motion gauges can be conveniently formulated as a second
order differential equation for HT (see equation 1.4). This leaves two residual degrees of
freedom corresponding to the initial conditions for HT and its derivative that may be chosen
freely. These correspond directly to the initial Newtonian density and velocity such that a
unique Newtonian-motion gauge can be found for any set of initial conditions used in the
Newtonian simulation. This allows us to test wether certain proposed methods to initialise
simulations are self-consistent from a full relativistic point of view and in which coordinates
these should be interpreted.
2.1 Vanilla Back-Scaling
The commonly applied method of back-scaling employs the relativistic but linear present-day
power spectrum and then solves the linear Newtonian dynamics backwards until the initial
time. The idea is illustrated in Figure 2.1 where the blue line represents the relativistic but
linear evolution in a Boltzmann code. The result is then rescaled back to the initial time
using the linear Newtonian theory following the thin black arrow. Finally from these initial
conditions the N-body simulation solves a non-linear but Newtonian evolution illustrated
by the thick black arrow. This method is routinely applied to incorporate relativistic and
radiation corrections in Newtonian N-body simulations and has been shown to have many
favourable properties in [12], especially the existence of a simple GR dictionary that links
the relativistic perturbations to the Newtonian simulation.
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Figure 1. A sketch visualising the basic idea of back-scaling. The blue arrow describes a relativistic
evolution while black arrows are Newtonian. Thin arrows represent a linear approximation that
becomes inaccurate on the small scales towards the end of the evolution. We indicate this breakdown
of perturbation theory by colouring the arrows red.
The method works because of two simple cancellations between the forwards and back-
wards evolution. On the large scales the two black arrows are identical since non-linearities
remain small. The entire back-scaling method thus reproduces the blue arrow describing
the relativistic evolution. On the other hand, for the small scales the relativistic evolution
is almost identical to the Newtonian one so that both linear (thin) arrows cancel and we
obtain the non-linear result, illustrated by the thick black arrow, starting from unmodified
initial conditions. This cancellation is crucial since on the small scales the present day linear
solution cannot be trusted since it is well beyond its range of validity, illustrated by the red
parts of the arrows. The initial conditions should not depend on such an unphysical quantity
and this is guaranteed by the cancellation among the two linear evolutions. In that way
back-scaling modifies the initial perturbations only on the large scales, including the impact
of GR and radiation, while the small scales where non-linear corrections are important are
not affected.
However this does no longer hold when considering massive neutrinos. Neutrinos do
modify the evolution of matter compared to a massive Newtonian analysis. The cancellation
between the linear evolutions (thin arrows) is lost and the back-scaled initial conditions are
modified on all scales and now depend explicitly on the value of the unphysical linear present
day matter density. While we still trivially recover the linear matter power spectrum on
the larger scales (the cancellation between the two Newtonian arrows still holds), we have
potentially introduced a significant bias in our non-linear evolution. x
Furthermore the interpretation of the simulation may become more complicated. In
the massless case we know that we can interpret the Newtonian simulation in the N-boisson
gauge, at least at sufficiently late times. This is because our condition imposed on the
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densities implies a simple condition also for the metric potentials. However, for massive
neutrinos we have left the range of validity for linear perturbation theory and our condition
on the density at the present time no longer sets a consistent condition for the metric.
The Nm gauge framework allows us to compute the metric corresponding to back-
scaling initial conditions, shown in figure 2.1 for a combined neutrino mass of 170 meV. We
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Figure 2. The metric potential HT and the mass modulation M starting from conventional back-
scaling initial conditions for a combined neutrino mass of 170 meV. While the mass modulation
remains small, the metric potential HT grows quickly on the small scales and reaches values that are
in conflict with the weak field assumptions.
find that the metric perturbations become dangerously large on the small scales. Our weak-
field assumptions may be broken implying that additional non-linear corrections introduced
by our choice of initial conditions need to be accounted for at the level of the metric. The
metric also does evolve at the late times, requiring a complex GR dictionary to interpret
such a simulation.
2.2 Tailored Back-Scaling for Neutrino Cosmologies
So far we have considered only the simplest model of back-scaling, where the present day
power spectrum is rescaled with the linear matter growth function as in the massless neutrino
case. In [18] a more complex method of back-scaling was developed specifically for massive
neutrinos. The authors account for the different evolution of the neutrinos compared to the
other matter components by employing a two-fluid approach for the growth function.
We generate initial conditions according to this method using the code reps (see [23])
and construct the corresponding metric in weak-field relativity. Again we find that the metric
becomes large and evolves non-trivially on the smaller scales as shown in Figure 2.2. It turns
out that HT now evolves in the opposite direction and remains a bit smaller showing that
these more advanced initial conditions do improve the back-scaling method, but they seem to
overcompensate for the problems of conventional back-scaling. However, the initial conditions
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Figure 3. The metric potential HT and the mass modulation M in the approach of [18] for a combined
neutrino mass of 170 meV. Again we find that the metric potentials on the small scales become very
large and are time-dependent.
from [18] also introduce a small correction on the large scales where the linear result is no
longer exactly reproduced in the Newtonian simulation. In the logic of back-scaling this is
a necessary price to pay. The method includes the Neutrino physics more accurately in the
growth-function (thin black arrow), improving the cancelation between the two thin lines
in figure 2.1. But since the thick black line is still realised by an unmodified Newtonian
simulation, it now does no longer cancel with the thin black arrow in the linear regime. As
a consequence the relativistic solution can no longer be reproduced exactly. This however
is only a small inconvenience as this mismatch can easily be absorbed into the metric when
using the Newtonian motion gauge approach.
2.3 Backwards, not Back-Scaled
In our last paper [21] we have introduced so called backwards initial conditions. In this
method we do not employ the unphysical linear densities at the present time to define the
initial conditions but instead use the metric potential HT which remains accurate in linear
theory up to the very small scales and late times. Instead of fixing δm, we demand that
HT takes on a simple value at the final time, i.e. HT = 3ζ, corresponding to the N-boisson
gauge. Then the gauge condition is solved backwards to find the weak-field consistent initial
metric and from there the initial values for δm in linear theory. In this way we completely
avoid the problems introduced by using a linear approximation for a non-linear small-scale
perturbation and all of our calculations remain consistent to weak-field precision.
In the case of massless neutrinos this turns out to be identical to back-scaling since the
initial conditions in this case do not depend on the small-scale present day densities anyway
due to the cancellation between the linear Newtonian and relativistic theories. However if we
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add massive neutrinos the corresponding initial conditions start to differ from conventional
back-scaling.
Solving the evolution backwards is a complex problem and instead we employ a shooting
method which iteratively finds initial conditions which approximate the desired final result.
The metric we derive for this type of initial conditions is shown in Figure 2.3. The metric
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Figure 4. The metric potential HT and the mass modulation M in the backwards approach for a
combined neutrino mass of 170 meV. The metric remains perturbatively small and assumes an almost
constant late time limit. The residual evolution results from our numerical value not exactly finding
the optimum and from the small residual impacts of neutrinos at the very late times.
perturbations remain almost two orders of magnitude smaller than in the case of back-scaling,
showing that we successfully absorbed the non-linear corrections into the initial conditions.
Furthermore the late-time metric becomes well behaved and approaches a simple limit which
allows for an easy analysis of the data. Note that the metric does not become perfectly flat
at the late time since we use a numerical method.
3 Conclusions
We have investigated various methods for setting initial conditions for Newtonian N-body
simulations in cosmologies with massive neutrinos. Many simulations employ back-scaling
initial conditions to include the impact of relativistic species and GR due to the simplicity
and robustness of this method. Using the Newtonian motion gauge framework we study the
suitability of this approach when including massive neutrinos and construct the coordinate
system in which such simulations can be interpreted in agreement with weak-field relativity.
While back-scaling methods are very successful for massless neutrinos, we show that
they fail in the case of massive neutrinos. We identify the fundamental problem of such
initial conditions as their explicit dependence on the present day matter power spectrum
from linear theory, which is completely outside of the regime of validity. In the massless
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case this problem was avoided since the initial conditions decouple from the late-time density
on the small scales due to a cancellation between the relativistic forwards evolution in the
Boltzmann code and the Newtonian back-scaling with the linear growth function. Neutrinos
however modify the rate of structure formation in the Universe and the back-scaling initial
conditions now depend explicitly on the unphysical linear matter overdensity.
When constructing the weak-field metric corresponding to such initial conditions we
find that the metric potentials need to be very large in order to compensate for the mismatch
in the initial conditions and accurately include the neutrino dynamics. Consequently the
interpretation of such a simulation becomes non-trivial requiring a time-dependent GR dic-
tionary. Even more problematically, the weak-field assumption is broken hinting at leading
order corrections being missed. Since the non-linear evolution mixes different scales, this
may contaminate the output on all scales.
We found these problems not only for ordinary back-scaling, but also for more complex
methods that are specifically designed to include the non-trivial evolution of neutrinos [18].
The reason is that these methods still depend on the present day linear matter power spec-
trum. Furthermore back-scaling relies on two cancelations as argued in section 2.1. By trying
to restore the small-scale cancellation between the relativistic and back-scaled evolution, the
second large-scale cancellation between the Newtonian simulation and the back-scaling is
lost.
We show that this problem can be avoided by specifying more carefully which conditions
can consistently be enforced at the final time. Instead of using a condition based on the
present day density, we demand that the present day metric remains simple. This is a suitable
condition since HT is shielded from non-linear corrections and remains well described in linear
theory until the present time. The resulting initial conditions are then labeled as backwards
and not back-scaled.
We find that these initial conditions have properties that are very similar to ordinary
back-scaling in a massless neutrino case. The metric remains small at all times and a simple
late-time limit for the metric exists. The main difference is the computation of these initial
conditions, which is significantly more complex than applying a rescaling to the present day
power spectrum. Nevertheless the task of finding suitable initial conditions is computationally
fast compared to a typical N-body simulation.
The backwards initial conditions can be used in combination with any ordinary New-
tonian N-body simulation and absorb the complex neutrino dynamics into a non-linear part
encoded in the initial conditions and a simple linear dictionary to interpret the output. The
implementation and numerical analysis of this method for Newtonian N-body simulations
will be studied in future work.
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